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Abstract 

In VOA theories, most of the general theorems are proved under the assumption 
of rationality and CVcofiniteness. In this paper, we obtain several general theorems 
without the assumption of rationality so that we can use them for proving rationality 
of given C2-cofinite VOAs. For example, we apply them to orbifold models and show 
that if g is a finite automorphism of a rational C2-cofinite VOA T of CFT-type with 
T' = T and a fixed point sub VOA V := T 9 is a CVcofinite, then V is also rational. 
We also investigate several results under weaker conditions. 

1 Introduction 

In this paper, we summarize results given in three preprints [Ej,[T6] and [17] and extend 
some of them under weaker conditions. In the research of vertex operator algebras (shortly 
VOAs), most of the general theorems are proved under the assumptions of rationality (i.e. 
all modules are completely reducible) and CVcofiniteness. Our aim is to develop general 
theorems without the assumption of rationality so that we can use them in the aim of 
proving rationality of given VOAs. Our main target is an orbifold model. Throughout 
this paper, T denotes a VOA with an automorphism g of order n. Set = {t E T \ 
g {t) = e 2nik / n t}, then T = Ofe^T™ and T 9 = is a sub VOA. 

Let V = (B^L V n be a VOA. In an orbifold module, we will study as a targeted 
VOA V. In [16] and [17], the author have shown several results under the assumption 
that V is C*2-cofinite. We will study some of them under weaker conditions. 

Let Irr(^) and mod(V) denote the set of irreducible ^-modules and that of N-graded 
V- modules with composition series of finite length. In this paper, for U,W E mod(V), we 
will define a fusion product U M W as a projective limit in §3. As we will explain, UMW 
may not be a ^-module, but W MU satisfies all conditions to be a ^/-module except for 
the lower truncation property and it is possible to define the n-th action v n of v G V on 
W MU and we are able to consider y-homomorphisms from W M U to V-modules. 

For an orbifold model, we will show: 

Proposition BUI LetT be a VOA and g E Aut(V) of order n. If all are C\-co finite 
as V -modules and Kl are V -modules, then all are simple currents. 
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Our definition of "Ci-cofinite as a V-module" is slightly different from an ordinary 
definition of CVcofiniteness, see §2.3. A surjection a : D — > C of U-modules is called 
"covering" of C when D is the unique submodule of D satisfying a(D) = C. We some- 
times call D a cover of C. The flatness property (i.e. preserving the exactness) of the 
tensor products is important in an ordinary ring theory. Unfortunately, in VOA theory, 
we need some assumption to expect it. We first pay attention to the following short exact 
sequences. 

Theorem 1111 Let V be a VOA and p : P — >■ V a covering of V as V -modules. If the 
weights ofKer(p) £3 U are bounded below for U £ modiV), then 

Ker (p) M U PMU VMU^O 

is exact, where e : Ker(p) — >• P is an embedding and idu denotes the identity map on U . 

Since we do not assume rationality, we have to prepare for a non-semisimple category. 
One important concept we will introduce is "semi-rigidity", which is a non-semisimple 
version of the rigidity. 

Definition 1 W £ mod(V) is called to be semi-rigid if there is W £ mod(V), 
e w £ Rom v (W E W, V) and e^ £ Hom v (I^ M W, V) such that 

(1) W,W are Ci-cofinite as V -modules and W M W and W M (W M W) are V -modules, 

(2) there are a V -module Q and an embedding e : Q — > W Kl W such that e^e : Q — > V 
is a covering and 

(3) in the diagram 

W MQ ^ WM(WMW) WMV 

J I* (LI) 

(wmw)Mw ewmAw ) vmw 

(e w Mid w )p(id w Me) is surjective, where p : WM (W HW) -)> (WHW) MW is a natural 
isomorphism for the associativity of products of intertwining operators (see (5.3)). 

Clearly, every simple current is semi-rigid, in particular, so is V . We will prove the 
following theorems: 

Theorem 1141 If C is a semi-rigid irreducible module and D A- C is a covering of C , 
then there is a covering R A V such that D is a homomorphic image of C . In 
particular, if V has a projective cover P v and Py IE C is finitely generated, then C has a 
projective cover Pc which is isomorphic to a direct summand of Py C . 

Therefore, if V is projective as a U-module, then all semi-rigid irreducible modules 
are projective (Corollary 15). 

Theorem 1161 Let V be a C2-cofinite VOA of CFT-type and C a semi-rigid V -module. 
Then 

Ker(p c ) M W ^+ P C MW CMW^O 



2 



is exact, where — > Ker(pc) A Pq — ■> C — >■ is a projective cover of C. 

As corollaries, we have the following for a C^-cofinite VOA V. 

(1) . If all ^-modules are semi-rigid, then all ^-modules are flat, that is, fusion products 
preserve the exactness. 

(2) . If all V- modules are semi-rigid and V is projective as a ^-module, then V is rational. 
[Corollary [T7] 

Since V has integer weights, the investigations of its extensions are easier than those 
of other modules. For example, we will show the following for any VOA V. 

(3) . If a simple VOA V contains a rational sub VOA with the same Virasoro element, 
then V is projective as a l^-module. [Corollary [13] 

We first introduce a weaker condition than V = V. 

Condition I: Let V be a simple VOA and for each W G mod(V), there is W G mod(V) 
such that Eom v {W H W, V) ^ 0. 

If V' = V, then we can take a restricted dual W of W as W . We remark that if 
products of intertwining operators satisfies the associativity, then since there is an epi- 
morphism W M W ->■ V by adjoint operators and (W M W) M Q = W Kl (W M Q), 
Condition I comes from the following: 

Condition F: There is Q E mod(V) such that Rom v (V El Q, V) ^ 0. 

Our next aim is to find a condition under which all ^-modules become semi-rigid. Let 
us consider a trace function of v on an irreducible ^-module W = @^ =0 W n+r : 

oo 

* w {v, t) = Tr w (o(t;)g (L(0) - c/24) ) = ^2(Tr WT+n o(v))q (n+r - c/24) for v EV 

71=0 

and define a map 

^ w (*, r) : v E V ^I w (v, r), 

where q denotes e 2mT , c is a central charge of V and o(v) denotes a grade-preserving 
operator of v on W, (e.g. o(v) = v^.,^^ for v G Kvto) and Y M (v, z) = J2 v n z~ n ~ l ). 
Abusing the notation, we will also call trace functions. We then consider its S- 

transformation S(^y) (corresponding to K G SX 2 (Z)). It satisfies 

S(*v)(v,t) = (— r^^ v (v,-l/r) 

T 

for f G Krt( v ) with = L(2)v = 0. As the author has shown in [H], if V is C2-cofinite, 

then S^v) equals a linear combination of trace functions and pseudo-trace functions. In 
the case where V is rational, S(^v) h as no pseudo-trace functions, as Zhu has shown in 

EH. 

We will consider the following condition: 
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Condition II: S(tyy) is a linear combination of trace functions on ^-modules. 

Condition II looks strong, but for an orbifold model, we have: 

Theorem 1271 Let T be a VOA of CFT-type with a finite automorphism g and assume 
that a fixed point subVOA T 9 is C 2- co finite. IfT satisfies Condition II, so does T 9 . 

The key result for orbifold model is the following: 

Theorem 1261 // V satisfies Condition I and Condition II, then all simple V -modules 
are semi-rigid. Furthermore, if V is a rational VOA of CFT-type satisfying Condition I, 
then has nonzero coefficient in S{^!y) for every simple V -module U. 

As a corollary, we will prove: 

Corollary 1281 Let g be a finite automorphism of a VOA T and assume that a fixed point 
subVOA V := T 9 is a Ci-cofinite of CFT-type and satisfies Condition I, IfT is rational 
and V satisfies Condition I, then V is rational. Moreover, for a simple V -module W , 
there are k £ Z and a g k -twisted T -module U such that W is a V -submodule of U. 

We organize this paper in the following way. We treat a fusion produce as a projective 
limit of intertwining operators in Section 3. In Section 5, as an application of fusion 
products, we present a product of two intertwining operators by a homomorphism. This 
will be one of the main tools in this paper. In Subsection 4.1 we show that the principal 
projective cover preserves the exactness with respect to the fusion products. In Section 
6, we study an orbifold model under weaker conditions than CVcofiniteness. We study 
three transformations in Section 8 and prove that all modules are semi-rigid under some 
condition. In Section 9 and 10, we prove an orbifold conjecture under the assumption 
that a fixed point subVOA is CVcofinite. 
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2 Preliminary results 
2.1 Notation 

Throughout this paper, V denotes a VOA (V = Q)^ Q , Y(-, z), 1, u), where u is a Virasoro 
element, 1 is the vacuum, and Y (v, z) = J2nez v n. z ~ n ^ 1 End(V)[[;s, z -1 ]} denotes a 
vertex operator of v £ V satisfying the conditions 1 ~ 4 in Definition [2] by replacing all 
W,U,R by V. We also have Y(l,z) = idy, lim 2 _ !>0 Y(v, z)l = v and the coefficients of 
Y(oj, z) satisfy the Virasoro algebra relations. If W = V,U = R = M in Definition |2] and 
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a set 

{Y M (v,z) = s ^v™ z - n - 1 £ End(M)[[z, z~ 1 }} \ v £ V} 

satisfies the same conditions 1 ~ 4, then M is called a ^-module (including weak mod- 
ules). We use notation "wt" (weight) to denote the semisimple part of L(0) and L(0) ntl 
to denote L(0) — wt. All modules in this paper are C-graded M = © r6 cM r by weights 
excepted as otherwise noted, that is, they are direct sums of generalized eigenspaces M r of 
L(0) with eigenvalue r. For a C-graded module M = ® n6 cM n M' denotes the restricted 
dual ^-module © r6 cHom(M r , C), where an adjoint vertex operator Y M (v,z) on M' is 
given by 

(Y M '(v,z)w',w) = {w' } Y(e zL{l \-z- 2 ) m v,z~ l )w) 
for w' £ M' and w £ M, where (w', w) denotes w'(w), see [B]. 

2.2 (logarithmic) intertwining operators 

Similar to a vertex operator Y M (v, z) = Y2 v n z ~ n ~ l ^ End(M)[[z, z" 1 }} on a module M, 
it is natural to consider an intertwining operator from a module U to another module R 
as a formal power series ([20]). However, without the assumption of rationality, there is 
no reason for all intertwining operators to have specific forms like formal power series. As 
Huang has shown in [10] , if a ^-module W is Ci-cofinite, then all intertwining operators 
y of type has a shape of formal power series with log z terms: 

K 

y(w, z) = J2Yl w l, m) z ~ m ~ l lo g J z e Hom(C7, R){z}[\og z] 

i=0 m£C 

and is called "logarithmic type" (see [H],[8] and [5]). As long as we have a possibility to 
treat non-semisimple modules, it is necessary to consider all of such operators. In this 
paper, we will call them intertwining operators, too. 



Definition 2 Let W , U and R be N-graded V -modules. A (logarithmic) intertwining 
operator of type (-^u) is a linear map 

y(, z):W -> Hom(Z7, R){z}[\og(z)} 

k 

y{w, Z) = ^(i.m)^"™" 1 W Z 

i=0 meC 

satisfying the following conditions: 

1. The lower truncation property: for each u £ U and i, Wu r \u = for Re(r) » 0, where 
Re(r) denotes the real part of r £ C. 

2. L(— 1)- derivative property: y(L(—l)w, z) = 4-y{w,z) for w £ W. 

oo 



3. Commutativity: v^y(w, z) — y(w, z)v% = ( . ) y(vfw, z)z n 1 for v £ V 
4- Associativity: for v £ V and n £ N, 

yffiw, z) = f>i) m (l)vK m _ lZ m y(w, z) + y(w, z)jT(-i) m+n+1 ( 

m=0 v 7 m=0 
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Here and henceforth, Y x (v,z) = Yl v n z~ n ~ 1 denotes a vertex operator of v G V on a 
^-module X and Z( w f [/ ) denotes the set of intertwining operators of type ( W R u ). 

Let y®(w,z) := J2 n &c w i i , n ) z ~ n ~ 1 denote the coefficient of log 1 z in y(w,z) for i = 
0, 1, K, If W is finitely generated, then there is an integer K such that y^(w, z) — 
for any n > K and w G W. Moreover, since vertex operators Y M (v,z) on modules M 
have no "logz" terms, every y^ satisfies all properties of intertwining operators except 
the L(— l)-derivative property. From the L(— l)-derivative property for y, we have two 
important properties: 

y {m \w,z) = ±( z ±- z L(-l)ryW(w,z), and (2 . 

ml az 

(i + l)w {i+hn) u = -L(0) ml w {i , n) u + (L{0) nU w) {i , n) u + w {i , n) {L{0) ml u). 
In particular, we have 

(z^ - zL(-l)) K+1 y®(w, z) = for any i. (2.2) 

On the other hand, for such a formal power series y° satisfying all conditions in Definition 
H] except L(— l)-derivative property but (2.2), 



3^,z) = ^|I(zL(-l) -z^)^°K^)]log^ (2.3) 

i=0 ^ ' J 

is an intertwining operator. We note that ^ j=0 3^^(w, ze 27 ")(log 2 + l) 1 is also an inter- 
twining operator for Y^f=o 3^(w, ^) log* z G 2T(^ J . 

We also note that if L(0) acts on W semisimply and y G l( wu ), then since L(0) nd 
is a nilpotent operator and commutes with all grade-preserving operators, the trace of 



W(i )Wt ( w yi)q L{0 > on U is zero for i > 1 by (2.1), where y(w,z) = J2i, n w (i,n)Z n 1 log* 
Therefore, the followings come from (2.1). 



z. 



Lemma 3 (1) If L(0) acts on W semisimply, then Tiuy(w, z)q L ^ = Tr uy(°\w, z)q L ^ 

foryex^. 

(2) If L(0) acts on W : U, R semi-simply, then every y G X( H f [/ ) is a formal power series. 

2.3 C7 TO -cofiniteness for a module 

For a ^-module W and m G N, set 

C m (W) = (V-mW I V G V,Wt(v) >fl,l«6 W) . 

If dimW/C r m (VK) < oo, then we call W to be C m -cofinite as a ^-module. Our C\- 
cofiniteness is slightly different from the ordinary definition of Ci-cofinite. For example, 
V is always Ci-cofinite as a ^-module. Among these finiteness conditions, CVcofiniteness 
is the most important and offers many nice properties. For example, we have: 

Proposition 4 Let V be a C2-cofinite VOA. Then we have the followings: 

(i) Every weak module is Tj + -gradable and weights are all rational numbers [15]. 
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(ii) Eveyn-th Zhu algebra A n (V) is finite dimension and the number of in equivalent simple 
modules is finite, [S],[3]- 

(Hi) Set V = B + C 2 (V) for a finite dimensional subspace B spanned by homogeneous 
elements. Then for any weak module W generated from one element w has the following 
spanning set {v^....v^ w \ v % G B, ri\ < ■ ■ ■ < nk}. In particular, every V -module is 
C n -cofinite as a V -module for any n = 1,2,..., [T5].[2].[9]. 

We note that except Condition I, all conditions in this paper are satisfied by a simple 
CVcofinite VOA and its simple modules. 



3 Fusion products 

In this section, for W,U G mod(V) we explain a fusion product W Kl U defined by 
intertwining operators as a projective limit. We call an intertwining operator 

K 

y{w, Z) = ^ Yl ^(i,m)2" m_1 log* Z 
i=0 mgC 

of type (y W T v ) "surjective" if the images of coefficients of y spans T, that is, 
(w(i,m) u | w G W, u G U, m G C, i = 0, K)c = T. 
Consider the set of surjective intertwining operators of W: 

f(W, U) = {(y,F) I F G mod(V), y G x \J^jyj is surjective} (3.1) 

and introduce an equivalent relation = (3^2; F 2 ) if there is an isomorphism a : 

F 1 — > F 2 such that y 2 = o\Vi- We define a partial order < in F(W, U)/ = as follows: 

For (y 1 ,F 1 ),(y 2l F 2 )eF(w 1 u) J 
yi<y 2 ^ 3 fe Hom y (F 2 ,F 1 ) s.t. fy 2 = y x . 

Clearly, if y x < y* and y 2 < y u then we have (y u F 1 ) = (y 2 , F 2 ). 

Lemma 5 F(W, U)/ = is a (right) directed set. 

[Proof] For any y u y 2 G F(W, U), say y 1 G X^) and y 2 G iQ , we define y by 

y(w,z)u = (y 1 (w,z)u,y 2 (w,z)u) G (F 1 x F 2 ){z}[logz] for w G W, u G V. 

Clearly, y is an intertwining operator of type ( F wu )' F C F 1 x F 2 denote the 
subspace spanned by all images of coefficients of y (w, z)u with w G W, u G U, then since 
F\ and F 2 have composition series of finite length, so does F and so (y, F) G F(W, U). 
By the projections 7Tj : F 1 x F 2 — > F\ we have Wi(y) = 3^1 and ^([V) = 3^2, that is, 
CVi, F 1 ) < [y, F) and (y 2 , F 2 ) < (y, F) as we desired. I 

Set F{W,U) = {(y^F*) |ie/} and consider the product ft]* y» Yli F ')- Let F W 
be a subspace of spanned by all coefficients EI u; wt(w)-i-r+wt(M) n °^ we ights r f° r 
homogeneous elements w E W and it G U and we set Z 1 = U r6C /(r) and we consider 
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Definition 6 We call F a "fusion product" ofW and U and we denote it by W £3 U . 

Namely, we define a fusion product as a projective limit of F(W, U) / =. We note that 
U MW may not be a ^-module, but W M U satisfies all conditions to be a ^-modules 
except for the lower truncation property. Hence if the set of conformal weights of F l 
in F(W, U) has a lower bound, then W M U is a ^-module and Y\y i is a surjective 
intertwining operator of type (^ W u )- We also note that even if W M U is not a V- 
module, it is possible to define the actions v n on W Kl U and we are able to consider 
V^-homomorphisms from W K U to ^-modules. In any case, U M W is C-graded by 
the construction. Throughout this paper, we fix one surjective intertwining operator 

y%B e x { A ab) for each P air A ' B e mod(F). 
We next show: 

Proposition 7 Let W,U G mod(V r ). // an n-i/i Z/ra bi-module A n (W) is of finite dimen- 
sional for any neN, i/ien X^M 7 , £/) contains a unique maximal element. In other words, 
a fusion product W MU is well-defined as an element of mod(V) . 

Before we start the proof, we give a brief review of an n-th Zhu algebra A n (V) and 
an n-th Zhu bi-module A„(W) from a view point of operators. For N-graded modules 
U = Q)^ Ui +r and F = (B^ F i+t with lowest weights r and t, respectively, we restrict our 
interest into operators 

°t-A W ) — W (0,wt(w)-l+r-t) : ® n j=Q U j+r -> ® n j=0 F j+u 

where y(w, z) = Ya=o ZLec ^m) 2 "™" 1 lo g* z G X iwu) of w G W and °^ ( w ) denotes an 
operator of w in shifting grade by s. From Associativity and Commutativity, 

for v G V and w G W, we can find v*w and in such that of_ r (v*w) = o (v)of_ r (w) 
and of_ r (w*v ) = o^_ r (u;)oo(v) for any ^ G X( H f [/ ) , where o (v) denotes a grade preserving 
operator of v. If we set 

O n {W) = {w G W | o£ r (iu) = for any y G X^f ,U,FE Ind(V)} 

where Ind(V) is the set of indecomposable ^-modules in mod(V) and r and £ are the 
lowest weights of U and F, respectively, then A n (V) = V/O n (V) is an associative algebra 
and A n (W) = W/O n (W) becomes an A n (V)-bi-module. 

[Proof of Proposition [7] We may assume that W and U are indecomposable. Since 
the actions of V shift the weights by integers, there are r, s G C such that W = ©^L VF n + s 
and U = @™ =0 U n+r . Let (y,F) G F(W,U) with y(w,z) = E m »( f , m ) 2 " m_1 lo S^- 
We will show that the lengths of composition series of F have an upper bound. Since 
dimAo(V) < oo, there are only finitely many conformal weights and so we assume F = 
(B™ =Q F n+ t with a lowest weight t. Moreover, for a sufficiently large N, a composition series 
of F as a ^-module corresponds to a composition series of F N+t as an AjvfV) -module. 
Since y is surjective, we have 

(W(iMM-l-N+n+r-t)(U n +r) \ W G W, 71 G N, I = 0, . . . , iT) C = F N+t . 
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As we did in the explanation of an N-th Zhu algebra, we have 

(W( iM (w)-l+r-t){UN+r) \ W G W, % = 0, . . . , K) C = F N+t . 

We have to note that for W(i >m ) with i ^ 0, we are able to choose another y such that 
y(°) = yw as we mentioned at (2.3). Therefore, there is a surjection 



K 

:\\{A N (W)®U N+T ) Fn+t 



h=0 

given by (f>(Uh=o( w(h) ® u(h) )) = J2h=o w {h, w t( w wyi+r-t) u(h) and so we have 
dimT N+r < dim A N (W) x dim £7^+,, x (K + 1). 

The right hand side does not depend on the choice of F. Therefore, ^{W, U)/(=) has a 
unique maximal element, which is a fusion product. I 

We next explain about induced homomorphisms among fusion products. For a homo- 
morphism : A — > B of V-modules, a formal operator ^ G X(^^) defined by 

Ka,z)d = y| jD (0(a),z)d 

becomes an intertwining operator of type (j^ D d) ■ Therefore, by the maximality of fusion 
products, there is a V-homomorphism (p^idf) : A^ D — > B ^ D such that 

E id D • (y(a, = W(a), z)d. 

Similarly, we can define id^ E : .D E A — > D ^ B. The following shows that fusion 
products preserve the right exactness of sequences. 

Proposition 8 Let A,B,C,D G mod(V). If 
is exact, then so is 

[Proof] Clearly, (a E id^) • (0 E ids) = (c • 0) E id^ = 0. Since we may view 
(y, F) G T(C,D) as (y(a),F) G J-"(i?,-D), a E id/) is surjective and so we may view 
(C IE D)' C (5 E D)'. We may also assume ACE and C = I?/A Consider a canonical 
bilinear pairing 

(w,y® D (b,z)d) GC{z}[log*] 
for id6 (5B D)', b E B and d E D. Clearly, if w G (C E D)', then 

(w,yI iD (a,«)d) = (3.2) 

for any a £ A. On the other hand, if w G (-B E D)' satisfies (3.2) for all a E A, then 
(w, d(^, is well defined for b G B/A = C . Therefore, 

— > (C E D)' — > (5 E £>)' ->• (A E £>)' 

is exact, which implies that MD preserves the right exactness. I 
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4 Projective covers 



Let us start with an explanation of projective modules and projective covers. 

Definition 9 A V -module P G mod(V) is called "projective" if every V -epimorphism 
f : W —> P splits for W G mod(V) . If P — > D is a cover and P is projective, we call P 
a "projective cover" of D. 

Different from an ordinary ring theory, V is not necessarily projective as a ^-module. 

Proposition 10 Let V be a VOA and D,U G mod(V). Then we have: 

(1) If D G mod(V) is not projective, then there is a proper covering F A D. 

(2) If dim A n (V) < oo for any n, then every U G mod(V) has a projective cover. 

[Proof] Proof of (1). Since D is not projective, there is a non-split surjection /3 : 
F — > D. We choose F minimal among such non-split extensions. Clearly, F is a covering. 
Proof of (2). Since U is finitely generated, there are vS l \ . . . in U such that U = 
Vu^ + ■ ■ ■ + VvS k \ where Vu = {v m u \ v G V, m G Z} denotes a submodule generated 
from u by [1]. We may assume that vft' are all homogeneous with the same weight, say 
r. Let D — )■ U be a covering of U. Since dim/L (V) < oo, the number of irreducible 
V^-modules is finite and so there is an integer N which does not depend on D such that 
the conformal weight of D is greater than r — N. Choose homogeneous elements rfW g D 
so that a(d^) = for every i. Since a is a covering, D = Vd^ + ■ ■ ■ + Vdy°\ Then 
the subspace D r of D of weight r is spanned by {o(v)d^ \ v £ V,i = 1, ...,&} and 
so dim/},, < kdimA^iV). Thus, the length of composition series of coverings of U is 
bounded and so U has a projective cover by (1). I 



4.1 Principal projective cover and fusion products 

In this subsection, we will prove the following: 

Theorem 11 Let V be a VOA and p : P -^-V a covering ofV. Then for W G mod(^), 

0^Ker(p)®W ^^PMW ^^VmW -» (4.1) 

is exact if the weights of Ker(p) W are bounded below, where e : Ker(p) — >■ P is an 
embedding. 

Before we start the proof, we will prove the following lemma: 

Lemma 12 Let p : P — V be a covering of V and p G P a homogeneous element 
satisfying p{p) = 1. Then 

Ker(p) = (v n p G P | v G V, n > 0) c . (4.2) 
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[Proof] 



Since 



Q = (v n p | v G V,n G Z) c 

is a submodule of P by [1] and p(Q) = V, we have Q = P. Furthermore, since 
(L(— l)v) m p = —mv m -ip, we have 

P = (v n p \v EV,n> -l)c = (f-ip | f G V) c + (v m p | u G V, m G N) c . 

Since p : (f_ip | f G V)c — > (u-il \ v G V) is an injection and p((v m p \ v G V,m G 
N)c) = (i>ml | f G V, m G N)c = 0, we have the desired result. I 

Let us start the proof of Theorem [TTJ 

[Proof of Theorem 111] Set Q = Ker(p) and e : Q — > P denotes an embedding. By 
Proposition [HI it is sufficient to show that e Kl xdw '■ Q^W — > P K If is an injection. 
Let yQ : w( a ' z ) = Ej=o Em a {j,m)Z~ m ~ 1 log J : z be a fusion product intertwining operator. 
Set / = 3^°\ that is, I(a,z) = J2 r ec a (o,r) z ~ r ~ 1 an d we denote a(p >r ) by We note that 
/(*, z) is an [z4z — L(— l)z)-nilpotent intertwining operator as we showed at (2.2). 

We choose a homogeneous element p G P satisfying p(p) = 1. Consider a vector space 



where p_iu> is a formal element and p_\W = {p-\w \ w G W}. We view Q M W as a 
f-submodule of R and define a ^-module structure on R. Define an action of v on 
R = p.xW ®QMW by 



We note that since i^p G Q for i > 0, t>„ is well-defined. By the direct calculations, we 
have L(— l)-Derivation: 



R = p_ 1 W ®{Q®W), 




i=0 



oo 




i=0 



(4.3) 



np^Vn^iw) + ^ ( . j (-iVi-ip){ 



—l+n—i 



W = —nv, 



n— 1 



ip-xw). 
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We also have Commutativity: 

(«K-«X)(p-i u ) 



P~l((v m U n - U n V m )w) + (™)( V iPYm-l-i * U nW ~ Z f " ) (^m-l-i"^ 

i=0 ^ 7 i=0 ^ 7 

+ Z ( V ) (^n-l-i^m™ _ Z ( J ( U iPYn-l-i V m W 



i=0 v 7 i=0 

0000/\/\ oooo 



/ \ / \ / \ / \ 

+ Z Z ( J ( T ) (<W)m+n-l-i-j™ ~ Z Z ( 7 ) L ) (<W)m+n-l-i-j 
i=0 i=0 W VJ 7 i=0 j=0 VJ 7 W 

P-l(K, + Z Z ( ^ ) ( 7 ) M i]P)m+n-l-i-i W 

J=0 j=o W ^ J 7 

OO OO OO / \ / \ / * \ 

P-l([Vn», Wn]^) + Z Z Z ( i ) ( A ) ( fc ) (( V kU) l +j-kP) I m+ n-l-i-jW 
i—n n— n i— n V / V J / V / 



/.(' 



j=0 jf=0 fc=0 

oo 



P-l(Z ( m )(^ M )^+n-i M; ) + ZZ I" 1 ) ( n + m 3 ^{{VjU^-pYm+n-l-j-i™ 
j=0 VJ/ J=0 i=0 VJ/ V 7 

z(7) ( ^' w) -+^ (p - iu;) - (4 - 4) 



j=0 

By solving (v n u) r from Commutativity for n > 0, we have Associativity: 

Z (") (-^K-C - (-l) B «£f*-i«f > = K< for n > 0. 



(4.5) 



i=0 

For m G Z, we also have: 



K«)m(P-l*)-P-lK«)mtf = > , . ((«nU)iP) m _l-iW 



Z ( m )(( V n u )iPYm-l- 
i=0 V * 7 



ZZ (7) ( j( _1 ) J (H-i^+jP- (- 1 ) n ^+i-i^P})m-l-l W 

EEE(T)(")(-i)^( n r')""-^ ( "- p) " 

iGN jeN heN V 7 VJ 7 



E E E*- 1 )'""* (?) (?) (" 1 3 ) (u 1+ ,p)L- 1+ „-,-,-^ 

ieN jeN heN \ / V / \ / 

+ e e em>-" +,+ * (?) (") ( n + r 



iSN jeN heN 



+ E(-»'"(?)(")('t')HU^ 

Z (") {-iy +h ( n ~ 3 ) {A n - j - h B i+j -{-l) n -i +1 C i+ W h } 

i,j,hen ^ 1 7 ^ 7 ^ 7 

i,j,/i£N ^ 1 7 \J / \ J 

(1 + 5) m (A - 1 - 5) n - (1 + C) m (-1 + D - C) n 

- (1 + E-l) m (-E+l + F) n + (1 - 1 + H) m (l -H + G) n , 
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where the monomials A s B k , B s D k , E s F k and G s H k in the last two polynomials denote 

^(MfcP)^ +n _ s _ fe _iW, (u«p)^i +t ^ a _ fc UfcW,« s (UfcP)iUr^fc-.-l u; > alld (VsPYn+m-s-l-kUkW, 

respectively. On the other hand, for n-th normal product * n , we have: 

( V *n U)*(p_it) "P-lMlmW =E y, )(-l) k {v n - h U m+h ~ (-l) n U m+n _ h V h }(p_iW) 

heN ^ ' 




7 

A\ . . r fm + n— h\ r 

u m+n _ h II (ujpjfc-i-i™ +1 I [u j p) n+mr _ hr _ j v h w 



A n ~ h B j + (l)(-l) h+m+1 ( n + m ~ h )^H 

h,jEN ^ ' \ 3 J 

^ icN \ / \J/ !, \ / \ 3 J 



= (1 + 5) m (A - 1 - B) n + # m (l + G - H) n - E m {—E + 1 + F) n 
-(1 + C) m (-1-C + D) n . 

Therefore, we have another Associativity 

(v * n u) R r = (v n u) R r for m > (4.6) 

for r E R. The remaining Associativity we have to prove is the case for m < and n < 0, 
but we will not prove it directly. Fortunately, the results above are enough to prove that 
R is a ^-module as we will see. Since the weight of R is bounded below, 



V := {v R (z) = ^v^z- h - 1 | v E V} 



satisfy the lower truncation property and so they are quantum operators (or called weak 
vertex operators). Furthermore they are mutually commutative because of (4.4) and so 
they generate a local system V in End(-R)[[z, z~ l ]\ by using normal products * n . Since 
oj r (z) is also a Virasoro element of V, V is a vertex algebra with the same grading on V, 
that is, uj r {z) *i v (z) = wt(v)v R (z) by (4.5). By viewing n-th normal products in V as 
n-th products in V, we have a vertex algebra epimorphism xjj : V — > V. Since V stabilizes 

C Q B W C R, 

we have (Ker(?/>)) 2 = and so Ker(^) is a ^-module. Suppose V ^ V, then 

T = {v R (z) * n u R (z) - (v n u) R (z) I v, u G V} ^ 

Since ^(z) * n u R (z) = (v n u) R (z) for n > by (4.5), the weights of elements in J 7 have 
a lower bound. Choose ^ a(z) = v R (z) n * u R (z) — (v n u) R (z) G J so that a(z) has 
minimal weight among them. Since cu R (z) *k v R (z) = (ukv) R (z) for k > 0, *& a(z) 

is a linear sum of elements in J 7 and so w (z) *k (&{ z )) — for k > 2 because of the 
minimality of wt(a(z)). For m > 0, since a(z)m = on i? by (4.6), we have: 



= [oj R (z) k ,a(z) m ] = (u a(z)) k+m +k(wb(a))a(z) k +m-i = (-k-m+k(wt(a)))a(z] 



k+m—l 
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for any k G Z and so oc{z)h = for any h, which contradict to a(z) ^ 0. Therefore, 
V = V and we know that R is a ^-module. 

The remaining thing we have to prove is to define an (z^ — L(— l)z)-nilpotent inter- 
twining operator y° of type ( p R w )- It is natural to expect that y° satisfies j^y°{q, z) = 
I(uoq, z). However, a coefficient l)p)o of I(L(—l)q, z) at z~ x may not be zero whereas 
^3 ;0 (w, z) does not have 2 _1 -term. Fortunately, we have that for any v G V,n G Z, 



i=0 ^ 7 

= E (^{( L (- 1 )^)n- i + (™f-lP)n-J =E ("){(-» + +(^f-lP)n-J 
i=0 ^ 7 i=0 ^ 7 

= E ( n 7 *) +E - ( • 1 1) <tf-#)i-i = 

1=0 ^ ' 8=0 ^ ' 

and so (L(— l)p)o is a y-homomorphism. We now set 

p(z)w := |y I(L(— l)p, z) — (L(— l)p) I z~ 1 )dz^j w + for u> G W 

= E — w-i^^+p-ho (4 - 7) 

m£Z,m^0 

p(z)r := {I(p, z) - (L(-l)p)^ _1 }r for r € Q Kl ?7. 

Let us show that satisfies Commutativity with respect to all actions a(z) of a G V. 
By direct calculation, we have: 



[«(4^)]-EE(I)m^ 1= E k^.w-ijpti 

„gZ i=0 ^ ' m^0,nSZ 

= E E^M-^U-i^-"- 1 

m^O.neZ i=0 ^ ' 

= E E(j{( i ( -1 )^)^-i +i (^^)^-<}-^" a; ~ m ^ n ~ 1 

m^O.neZ i=0 ^ ' 

= E E \i ) ~ n + *)(Mm+n-i-l + *( a i-lP)m+n-i}— ^2 

\ L / lib 

m^O.raSZ J=0 v 7 

= E E (")(->»)(«.?),', 

m.^O.neZ i=0 ^ 7 

E E (")(«*« 



00 ' \ 1 

n » ' ^ ' ^ r —1 _ m _ n -l 



lm+n-i-1 ^ X Z 

m 



im+n— i— 1 



m^O.neZ i=0 

and so 

-m n— 1 



[0(2), pO)] = ^ ( .)(aiP)(m+n- 



X 2; 



Since the weights of R are bounded below, there is N such that aip = for i > N and so 
we have Commutativity: 

(x - z) N+l [a(z),p(x)} = {x- z) N+ \jr E(M^-i E f")^""" 1 ) = 0- 

i=0 reZ nGZ ^ 7 
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We then extend it by 

y°(v n p, z) = Res x .{(x - z) n v(x)p(z) - (-z + x) n p(z)v(x)} 
for v G V,n G Z, then y° is a (z4- — L(— l)z)-nilpotent intertwining operator and so 

A' , 

y(u, z) = Y - x {zL{-\) - z—yy°(u, z) log' z for u & P 

i=0 

is an intertwining operator of P from to i?. Since CY(u,z) = 3^Kcr(p) ^ or 
ii G Ker(p), the space spanned by images of y contains Q MU . Furthermore, since 
y(q, z)w G P-iW + Q IE U, we get that [V is surjective. 

This completes the proof of Theorem. I 

As a corollary of Lemma [T2"t we have: 

Theorem 13 If a simple VOA V contains a rational subVOA W containing the same 
Virasoro element of V , then V is projective. 

[Proof] Suppose false and let p : P — > V be a proper covering of V and choose p G P$ 
such that p{p) = 1. Viewing P as a W- module, P is a direct of irreducible W- modules. 
We may choose p in a simple M^-submodule R. Then p(-R) = and so R is isomorphic 
to W. Therefore L(—l)p = 0. Since P is a ^-module, for v G V", there is JV„ G N such 
that u m p = for m > N v . Then since = L(—l)v m p = —mv m -ip, we have v^p = for 
fcGN, which implies Ker(p) = by (4.2) and we have a contradiction. 1 



4.2 Projective covers for semi-rigid modules 

In this subsection, we will prove the following: 

Theorem 14 If C is a semi-rigid irreducible module and D A C is a covering of C, then 
there is a covering R-^V such that D is a homomorphic image of RMD. In particular, 
if V has a projective cover P v and Py E C is finitely generated, then C has a projective 
cover P c which is isomorphic to a direct summand of Py E C . 

[Proof] Since C is semi-rigid, we have the following epimorphism: 

cmq^>cm(cmc) ^ (cmc)mc ^^c, 

where e : Q — > C E C is an embedding, e c : C E C — > V, ege : Q — > V is a covering and 
pc is a natural isomorphism for the associativity of products of intertwining operators, 
see (5.3). By the pull back of D — y C, we may choose an isomorphism p^ such that we 
have the following commutative diagram: 

C E (<5 E P) ^ (CE(7)EP -> D 

lidc E (idg E a) IJ d cKc Ma ^ a 

ceq -> cm (cmc) ^ (cmd)mc -> c 
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Let R be a minimal submodule of CMD with respect to inclusion such that (idgKl«)(i?) = 
Q. Then since is a covering and (e\y G3idc)/-tc(idc Ka)(idc Kl €.r)(C Kl i?) = C, we 

have (e^KlidD)/i£)(idc'IEleij)(C , Kli?,) = D and so D is a homomorphic image of CMR. By 
the choice of R, e^(id^ Kl a) : R — >• V is a covering of V, which proves the first statement 
in the theorem. 

If V has a projective cover and Py MC has a finite length of composition series, then 
any covering D of C is a homomorphic image of Py M C and so the length of composition 
series of D has an upper bound. Therefore, a covering of C has a maximal one, which is 
projective by Proposition [TU1 and isomorphic to a direct summand of Py M C. 

This completes the proof of Theorem [T4] I 

We easily have the following corollary. 

Corollary 15 IfV is projective as a V -module, then every semi-rigid irreducible module 
is projective. 

Theorem 16 Let V be a C2-cofinite VOA of CFT-type and C a semi-rigid V -module. 
Then 

Ker(p c ) M W P C MW C B W ->■ (4.8) 

is exact, where — > Ker(pc) — > Pc C —> is a projective cover of C . 

[Proof] Since V is CVcofinite, all fusion products are finitely generated and the 
products of intertwining operators satisfy Associativity. Let py : Py — > V be a projective 
cover of V. By Theorem 14, there is a surjection a : Py £3 C — > Pc- Set J = Ker(a). 
Since C G mod(V), we have the following commutative exact diagram by (4.1): 

-> J ->■ J -»■ 

4 4 4- 4 

-> Ker(p v )KC -)• P^C pvBlidc > V H C = C -> 

4-- 4-" 4-" CiJ 

Ker(p c ) 4 D ^> C ^ 

4" 4- 4" 

0^0^ 

From Theorem [TTJ we also have an exact sequence 

-»■ Ker(py) B (C K -»■ P y H (C B ->• C H W -»■ 0. 

Since the fusion products satisfy the associativity and preserve the right exactness, we 
have an exact sequence: 

o -> (Ker(p y ) ^C)MW ^ (Py^C)MW ^CMW ^0. 

Again, since MW preserves the right exactness, we have the commutative exact diagram: 

-»■ JMW -> JMW -»■ 

4 0"i 4- 0"2 I 4 

->■ (Ker(py) B C) M W -> (Py§C)Slf ^ CKlf ^ 

4^ 4- 4^ 4- 

Ker(p c )BW DMW ^ Cllf 4 

0^0, 
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which implies that e M id^y is injective. 

This completes the proof of Theorem [TBI l 

Since V Kl W = W, the following easily comes from Theorem ITU 

Corollary 17 Let V be a simple C 2 -cofinite VOA of CFT-type and assume that all V- 
modules are semi-rigid. If V is projective as a V -module, then all V -modules are projec- 
tive. In particular, V is rational. 

5 Products of intertwining operators 
5.1 Fusion products 

In this section, we assume that the desired products of intertwining operators satisfy the 
associativity and the desired fusion products are well-defined as ^-modules. The aim in 
this section is to use homomorphisms and fusion product intertwining operators to present 
products of intertwining operators. 

We first recall the analytic part on the composition of intertwining operators (with 
logarithmic terms) from [10]. From now on, let {A, B, C, D, E, F} be a set of Ci-cofinite 
V^-modules. We choose a G A,b G B,c G C,d' G D'. As Huang showed, for intertwining 
operators y 1 G X( A ^ E ), y 2 G X( B B C ), y 3 G X( F D C ) and y 4 G X( A F B ), the formal power 
series (with logarithmic terms) 

(d',y 1 (a,x)y 2 (b,y)c) and (d' ,y 3 (y 4 (a,x - y)b,y)c) 

are absolutely convergent in A x = {(x,y) G C 2 | \x\ > \y\ > 0} and A 2 = {(x, y) G 
C 2 I \y\ > \x — y\ > 0}, respectively, and can all be analytically extended to multi-valued 
analytic functions on 

M 2 = {(x,y)eC 2 \xy(x-y)^0}. 
As he did, we are able to lift them to single-valued analytic functions 

E((d,y 1 (a,x)y 2 (b,y)c)) and E((d,y 3 (y 4 (a,x - y)b,y)c)) (5.1) 

on the universal covering M 2 of M 2 . Single- valued liftings are not unique as he remarked, 
but the existence of such functions is enough for our arguments. The important fact is 
that if we fix A, B, C, D, then these functions are given as solutions of the same differential 
equations. Therefore, for ^1 G l( J ^ E ),y 2 G X( B B C ) there are 3^5 G Z( A ^ BC ) and 3^6 G 

X (b amc) such that 

E({df, y 1 (a, x)y 2 {b, y)c)) = E((d>, y 5 (y% )B (a, x - y)b, y)c)) and 

E((d', y 2 (y 4 (a, x - y)b, y)c)) = E((d', y 6 (a, x)y% c {b, y)c)). ^> 

We note that the right hand sides of (5.2) are usually expressed as linear sums, say, 
E((d', y 1 (a, x)y 2 {b, y)c)) = ]T E((d', y u (y 2l (a, * - y)b, y)c)). 

i 

However, for each i, from the maximality of fusion products, there is a homomorphism 
£i G YLom v (AMB, Im(y 2i )) such that y 2 i = ^iy%B- Since 3^5 := J2i * s an intertwining 
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operator in X( A ^ > B c ), we get the expressions (5.2). For example, a natural isomorphism 
fi : (A M B) M C -> A M (B M C) is given by 

E((d'^y% BtC (yl B (a,x-y)b,y)c)) = E((d', yl Bmc (a, x)y® c (b, y)c)). (5.3) 

In order to simplify the notation, we often use the notations 3^1 3^2 and 3^3 (34) to distin- 
guish two types 3M*i X )3M*, v) an d 3M3M*5 x)*, y), respectively. 

5.2 Skew symmetric and adjoint intertwining operators 

In his paper [11], Huang has explicitly defined a skew symmetry intertwining operator 
o~i 2 (y) G l( B A ) and an adjoint intertwining operator cr 23 (3^) G l( A B c ,) for 3^ £ -^{ab) 
when 3^ has no logarithmic terms. Even if y G X( B A ) has logarithmic terms, there 
are isomorphisms o~\ 2 ■ l( AB ) — > X( B ° A ) and a 23 : X( AB ) — >■ X( A S C ,) as follows. By 
considering a path {z = \e mt x I < t < 1}, there is 3 ; G ^Cfe) such that 

£((c', 5>(a, z)a 12 (F B )(6, = E((c\ y(b, x)a 12 (Y A )(a, z)l)). (5.4) 

Rewriting them, we have that 

the left side of (5.4) = E((c', y(a, z]e L ^ x b)) = E({d, e L ^ x y(a, z - x)b)) 

= E((e L ^ x c',y(a,z-x)b)) and 

the right side of (5.4) = E((c', y(b, x)e L ^ 1 ^a)) = E((c', e L ^ z y(b, x - z)a)) 

= E({e L ^ x c', e L ^ z - x ^y(b, x - z)a)). 

Since (e L ^ x c', y(a, z — x)b) and (e L ^ x c', e L ^~^ z y(b, x — z)a) are multivalued rational 
functions on {(x, z) \ x 7^ z}, we may choose U\ 2 so that 0\ 2 (y) = 3^, that is, 

<Ti2(y){a, z-x)b = e L{ - 1){z - x) y{b, x - z)a. (5.5) 

Similarly, for y G X( P„) and canonical intertwining operators y^'c 1 an< ^ ^b'b induced 
from inner products, there is 34 G X( AC ) such that 

^^(c^a,^ (5.6) 

Therefore, a map 3^ — > 34 gives an isomorphism er 23 : X( AB ) = X( A B C ,). 

We don't get an explicit formula because what we will need is just an existence of 
isomorphism a 23 (y). Set a 12 s = <7i 2 cr 23 . 

In (5.2), we used 3^ as the second intertwining operator of products. Not only the 
second one, we can also use it for the first one at the same time. Actually, for 3^(3^1 b) 

with 3^5 £ l(^ c ), we have cr^V^ 1 ^) £ ^(^d' ) an d so there is 5 G Homy(C Kl 
D', (A M B)') such that a 2 l a^ l (y h ) = Sy^ D ,. Therefore we have: 

Proposition 18 For any y 1 G l(f E ),y 2 G X(/ c ) and y 3 G X(/ B ), 34 G X (/c)> i/iere 
are £ G Hom^E £>')') and <5 G Hom y (£ M C, (C K £>')') suc/i &<rf 

(^,^1(0,^)^2(6^2)0) = (d',a- 23 (y| iJ ,)(a^ 1 )^i, c (6,22)c>, and 

(d',yA(y3(a,z 1 )b,z 2 )c) = (d',a 123 (y^ D ,)(syi B {a, Zl )b,z 2 ) c ), 

for any a£A,b£B,c£C,d'£D'. In other words, the space spanned by the products 
y^2 ofy x G X(^fJ and 3> 2 G X( B * C ) is isomorphism to Rom v (BMC, (AMD')') and the 

space spanned by the product 34(34) 0/ 34 £ x (a*b) an( ^ 34 e X (=/c) ^ s i somor phism to 
Rom v (AMB,(CMD')'). 
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5.3 Semi-rigidity and intertwining operators 

The aim in this subsection is to describe the semi-rigidity in terms of intertwining opera- 
tors. We assume that V is simple. For a ^-module U, let rad v (U) denote the intersection 
of maximal submodules M with U/M = V. Since V is simple, U/rad v (U) is a direct 
sum of copies of V. Let W be a simple Ci-cofinite ^-module and assume W is not semi- 
rigid. By the definition of semi-rigid, for any W G mod(V) satisfying (1) in Definition 1, 
ew G HomyfWlXIl^, V) and a maximal submodule Q of W MW containing ia,d v (W MW), 
(ew IE idiy)/u(idiy IE e) is not surjective, in other words, 

(e w E id w )fi(id w E e)(W E Q) C Kei{e w E \d w ). 

Since /i is isomorphism and W is simple, the above implies that 

(i((id w E e)(W E rad v (W E W))) + Ker(e w E id w ) = ^lf)8iy, (5.8) 

for any e w : W IE — > V, where e : rad v (W E W) C IE is an embedding. 

We then rewrite (1.1) by products of intertwining operator as follows: Since e^y~ G 

X(~ w ), from (5.2) and (5.7), there are y 5 and 5 G Rom v (W MW,(WM WJ) such that 

E((a>, a 12 (Y w )(w, x)e^| ^ yX» = E((a>, WJ^K * ~ v)$, vW 

' = E({a\a 123 (y^ wl )(5y^~(w,x-y)w,y)w 1 )) ^ 

for any w, w 1 G W, w G W, and a' G W. Therefore, we have: 

Lemma 19 Let V be a simple VOA. If a simple V -module W is not semi-rigid, then the 
image of 5 does not have a factor isomorphic to V and Ker(<5) + rad v (VT IE W) = WMW 
for any e^. 

6 Orbifold model 

In this section, we will consider an orbifold model. Let T be a VOA and g an automor- 
phism of T order n and set T = ©J^JtW with := {t G T | g(t) = e 2n ^ h/n t}. Then 
V := = T g is a sub VOA. Let D be a ^/-module and we assume that 
(Al) every Ey D is a ^-module for i = 0, n — 1 and 
(A2) every is Ci-cofinite T^-module. 

The necessary condition we need is an associativity of fusion products, that is, T"W 
(T&'> M v D) = (T« E y T®) M v D. 

Set H^W = TW Ey D and W = W (0) © ■ • • © W^" 1 ). We note = V y E L> = £>. 
Since all T"W are Ci-cofinite as ^-modules, there is ^ G X( T ^) such that 

E{(w', y(t, x)y%(t\y)d)) = E((w', y%(Y(t, x - y)t\ y)d)) (6.1) 

for M 1 G T, u/ G W and d E D by (5.2). We note = T« lfl = U r (W r (i) ) with 
formal weight spaces 

w (i) ._ (T^MD) r and so we can define its restricted dual (W®)' = 
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Q r Hom(14r , C). From the definition of y and Commutativity of vertex operators Y of 
T, we have that for any t 1 , t 2 , t 3 G T, 

e((w', y(t\ x)y(t\ y )y%{t\ z)d)) = e« w ', y(t\ x)y® D (Y(t 2 , y - z)t\ z )d)) 

= y%{Y{t\x - z)Y{t\ y - z)t\ z)d)) 

= E((w\ y® D {Y{t\ y - z)Y{t\x - z)t\ z)d)) 

= E{{w>,y{e, y )y{t\x)y%{t\z)d)), 

which implies Commutativity of {y(t, z) \ t G T} on W . We also have 

e((w>, y(t\ x)y{t\ y )y® D {t\ z) P )) = e({ w >, y^ D (Y(t\ x - z)Y{t\ y - z )t\ z) P )) 

= E((w', y$ D (Y(Y(t\ x - y)t 2 , y - z)t 3 , z)p)) 
= E((w>, y(Y(t\ x - y)t 2 , z 2 )yl D {t\ z)p)). 

Furthermore, taking t l = 1 in (6.1), we have 

e((w', y(t, x)d)) = e((w', y(t, x)y* D (i, y )d)) = e(( w ', y$ D {Y(t, x- y )i, y )d)) 

= E((w', y)p)) = E((w>, y* D (t, y + x- y)d)). 

By setting y = |x, we obtain y(t, x)d = 3^t,d(^' x )d for t G T, c/ G D. 
Furthermore, we have: 

Proposition 20 Let T be a VOA and g G Aut(T) of order n. If all T^> are Ci-cofinite 
as -modules and M are -modules, then all are simple currents. 

[Proof] We will prove that T (1) is a simple current. The proofs for the others are 
similar. Take as D in the above argument and we assert that := T^ -1 ) MT^ is 
irreducible. Suppose false and let B be a proper submodule of and set 

E = ( the coefficients of y(t {1 \ y)b | t (1) G T (1) , b G B) c . 

Since E is a submodule of and 

y{&- x \ x)y(tw,y)b = y(Y(&~ l \x - y )&\ y )b, (6.2) 

for any G t {n ~ l) G T^ -1 * and b G B, there are t G and b G B such that 

y(t,y)b 7^ and so we have E ^ 0. Therefore, we have E = since is simple. 
Since the coefficients of y(t ( - 1 \y)b spans the left hand side of (6.2) implies that the 
coefficient of (6.2) spans 

T^(n-i) g| T (i)_ on the other hand, the right hand side of (6.2) 
implies that those spans B since the coefficients of Y(t^ n ~ l \x — y)t^ are actions of V. 
Therefore, T^'^MT^ = V. For any ^-module W, W = VMW = (T^~^ KT«) MW 

M (T^ M W), which implies that MW is simple. I 

As another application, we have: 

Proposition 21 Under the same assumption as in Proposition [Uffi if — > B — > D V 

is a non-split extension of V by a simple V -module B, then T My D is a T -module. In 
particular, ifT is projective as a T -module, then V is projective as a V -module. 
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[Proof] By the previous arguments, it is sufficient to show that y(t,x) is a formal 
integer power series. Since (T^ 1 ) B T«) M D = D and T« K D is an indecomposable 
module with a homomorphic image T^MV, all hts ofT«KT> are integers. Hence the 
formal powers are all integer powers. So the remaining thing is to show that y(t, x) does 
not have log z-terms. If L(0) acts on D semisimply, then so does on M D and every 
y^ k) D (t, z) is a formal integer power series, which implies that T My D is a T-module. 

If 1/(0) does not act on D semisimply, then L(0) ml D = B and so B = V as ^-modules. 
Therefore, L(0) nil : (T My D)/(T My B) -> T My B = T is an isomorphism as T-modules. 
If 3^td(^ z )p ls n °t a formal integer power series for t G T and p E D, then we have: 

yf^t, z) P = h^pz- 171 - 1 + t(i, m) p«" m " 1 log*. 

Set = Emezho,™)*-™- 1 and yWftz) = Emezhh™)^ 1 e Hom((T K y 

D)/(T My B),T My -B)[[*) z -1 ]]- Since dimX( T T T ) = 1 as T-modules, we may assume 

2) a, where a denotes 

id T El p(a) and a G T K y T>. Therefore, we have L(0) nil y^(t, z)a = Y(t,z)a and 
Y(t,z)y {0) (t,z)L(0) nU a = Y(t,z)a. In other words, L(0) nil commutes with ^ (0) - By 
(2.1), we have 

w M d = -(L(0) ni % .n)d+(L(0) n H)^ n) d + t io ,n)(L(0) nil d) 
= -(L(0) nil )t {0>n) d + t {0> „)(L(0) nil d) = 0. 

Therefore, y(t, z) is a formal integer power series and so T My D is a T-module. 1 

7 Geometrically modified module 

In this section, we will explain the theory of composition-invertible power series and their 
actions on modules for the Virasoro algebra developed in [TU] and then we will extend 
them for logarithmic intertwining operators. From now on, q x denotes e 2mx for variables 
x / r to distinguish it from q = e 2mT . Let Aj (j = 1,2,...) be the complex numbers 
defined by 

ds<*- i >=(^(-fV , £))» 

cincl set 

Clearly, U(q x ) = q x L ^U(l). The important operator is 14(1), which satisfies 

U(l)y(w, x)U(iy l = y(U(q x )w, q x - I) = y(q x m U(l)w, q x - 1) = y[U(l)w, x] (7.1) 
for an intertwining operator y, see [21] for y[-, x]. 
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7.1 Trace functions 



We first consider g-traces of geometrically-modified module operators with one more vari- 

Vuiv; z, r) := TruY(U(q 2 )v, g 2 )g (i(0) " c/24) (7.2) 

for a ^-module U and v G V, where Ttjj denotes a trace on U and c is the central charge 
of V. We note that for an ordinary trace function, we can consider the trace functions for 
not only actions of V but also actions of a ^-module W on U by y G Z( v ^ / t/ ). Namely, 
we can define a trace function 

^u(y; w- z, r) := Tru(y(U(q z )w : g z )g (L(0) ~ c/24) ) w G W. (7.3) 

We have to note that L(0) may not be semisimple on a ^-module U. Then we will 
understand q L ^ on U as 

n L(0) ._ Jwt+L(0) nU ) _ wt/ 27rirL(0)" u \ _ wt {^TXIT L(0) ml ) j 

q ■ q q i e ; y ^ ., 

j=0 J ' 

We note that since L(0) ml is a nilpotent operator and commutes with all grade-preserving 
operators, there are no terms of form q r r^ in ordinary trace functions for j > 0. 

We note that when we consider a trace function of a simple module W on a V- 
module U, as we explained at the end of §2.2, we can ignore the logz terms of y^u e 
Z(wu) and so the necessary grade-preserving operator of w G W r in y^ /u (w,z) = 

12il2rn w '(i,m) z ~ rn ~ 1 ^ S l z is w m,r-iV Therefore, by setting U(l)w = ^ r w r with ho- 
mogeneous elements w r G W r , we have 

(7.4) 



Tr u y^ u (^(Qz)^Qz)q (m - c/2A) = E r ^^ (wtK)) <or-i)? ( " r) 9 (i(0) " c/24) 

= E,Tr^ 0ir _ 1)g ^(°)- c / 24 ). 



Thus, (7.4) is independent of z. Moreover, it has shown in [10] that these g-traces are 
absolutely convergent when < \q\ < 1 and can be analytically extended to analytic 
functions of r in the upper-half plane. 

We next consider g-traces of products of two geometrically-modified intertwining op- 
erators: 



Tr u y 1 (U(q y )yl~(w, x - y)w, q y )qM°)-c/u) 
Tvuy 2 (U(q x )w, q x )y* ^U^w, q y )q( 



7 (L(0)-c/24) 



(7.5) 



for w G W, w G W, y± G l( w ^~ v ) , and 3^2 G X( w • As we explained, the first 
function in (7.5) depends on x — y, but not on y. These formal power series (with log- 
terms) are absolutely convergent in Qi = {(x,y,r) G C 2 © H | < \q x — q y \ < \q y \} and 
^2 = {{ x iVi T ) G C 2 © "H | < |g| < \q y \ < \q x \ < 1}, respectively, as shown in [TO], where 
W = {r G C | Im(r) > 0} is the upper half plane. We extend these function analytically 
to multivalued analytic functions on 

M 2 = {(x, y, t) G C 2 x % | x ^ y + pr + g for all p, q G Z}. 

We can lift them to single valued analytic functions 



*v(yi(yl w ) : w, w; x, y, r) := E(Tr u y 1 (U(q y )y^~(w, x - y)w, q v ) q M»-cM 
My^u- w,w;x,y,T) ■= ^(Tr f/ ^2(W(g x ) W ,g :c jy| [/ (W(g,)w,g J/ )g( L ( )^/ 24 ) 



(7.6) 
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on the universal covering Mf . We need to extend a result in [TT] for logarithmic inter- 
twining operators. 

Lemma 22 For every intertwining operator y £ X( B r lf ), u; £ IU and b £ B, we have 

e TL (°)y(b, z)u = y(e TL ^b, e T z)e rL ^u 
q m y{U{q y )b, q y ) = y(U(q y q)b, q y q)q m and 
yi(y2(U(q y )b,q y - q x )U(q x )w,q x ) = yi(U(q x )y 2 (b,y - x)w,q x ). 



[Proof] Set y(b, z) = J2h=o Dnec b (h,n)Z n 1 \og h z and y = log z. From 
y(L(-l)b,z) = £y(b,z), we have = (-n - l)&(/,,„) + (h+ l)6( fe+ i, n _i) and 

[£(0), 6 (M) ]« = (L(-l)%, n+ i) + (L(0)%, n) = (-n - l)6 (M) +(/i + l)& (/l+ i, n) +(L(0)%, n) . 

Using the notations (a (8) /3)b(k,n) u — { ab ){k,n)P u i we have: 

L(0)(6 (M) «) = (-71-1+ L(0) ® 1 + 1 ® L(0))6 (M) « + (/i + l)b (h+ltn) and 
L(0) m (& (M) u) = £7=o (7) (-71-1+ L(0) <8> 1 + 1 (8) L(0)) m ^(/i + 1) • • • (ft + j)b (h+jiTl) u. 

for m > 1, where (ft + 1) • • • (ft + j) — 1 for j = 0. Using these notation, we obtain: 

K 

e^y(b,z)u = J2e Tm (E b (W u y h ) e{ ~ n ~ 1)V 

n h=0 

n m=0 h=0 h 
m m / \ 

=E E ^7 E l" ) ® 1 + 1 ® L (°) !) • • • (Hj)W)Ve ( -"- 1)9 

TTZ . \ 7 / 

n m,/i i=0 w ' 

By replacing ft, + j and m — j by k and z, respectively, e rL( - ^(6, z)u equals 
^^AAt^O)^ l + l®L(0)-n-l) 4 1 . . ■ fc _. f _ n _ 11t . 

EEEE^^ -j — — J -^(k-j + i)---(ky y k \ k , n)U e( ^ 

n fe i=0 j=0 ' J' 

oo 

=J2 E e T(i{o)01+10i{o) - {n+1)) 6 (fc ,n)n(y + r)^^ 1 ^ 

n fc=0 

=^ ^(e TL (°^) (fc , n) (e rL (°^)e(- ri - 1) ^(y + r) fe = y(e rL( -%, e T+y )e TL ^u 
--y(e T ^b, e T z)e rL ^u, 



which proves the first equation. Replacing r and y by 2niT and 2niy, respectively, we 
have the second equation. The third comes from U(l)y(b, x) = y(U(q x )b, q x — 1)U(1) and 
the second equation. I 



8 Transformations 

Let V_be a simple (72-cofinite VOA of CFT-type. We fix two irreducible U-modules W 
and W such that Honiy(V4 / ' W, V) ^ 0. In this section, we always assume that the 
desired fusion products are ^-modules and the products of intertwining operators of W 
and W satisfy the associativity. 
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8.1 Three transformations 

We define actions S, a t , (3 t on R\ for < t < 1 by 



at 
S 



(x,y,r) h-> (x,y + tr,r) 
(x,y,r) ^ (x,y + t,r) 
(x,y,r) i-» (-x/t, -y/r, -1/r) 



In particular, we have the following commutative diagram: 

(x,y,r) -4 (-x/T,-y/T,-l/r) 
I A lot (8.1) 

(x,y + t,r) (-x/r, -y/r-t/T, -1/r). 
A trace function of products 3M30 with 3^i £ ^-{eu)' ^ e ■^iw'w) on ^ * s 



^OW) : u>; x, y,r) = E (Tr u y 1 (W(g„)y(«;, x - g„) g W°>- c / M >) , ( 8 . 2 ) 
for w e If, w e W. A modular transformation S : r — >■ — 1/r on \I/;y is defined by 

/_i\ L (°) /_i\ L (°) _ _ _i 
S (Vu) (yx(y) ■■ w, w; x,y,T) = * v ly 1 {y):[—) w,( — ) w ' 



) ! J 

T T T T 



In order to simplify the arguments, we will deal only W and W with integer weights when 
we consider the transformation S. When 3^i is a vertex operator Y u on a module, the 
space spanned by trace functions has some modular invariance property as the author has 
shown in [H]. In particular, since we assume Condition II, that is, there are Xu £ C for 
U £ Irr(V) such that 

S^ v )(Y u (y):w,w-x,y,r)= ]T Xu ($u) (Y u (y) : w, w; x, y, r) , (8.4) 

U€Itt(V) 

where Irr(V) denotes the set of irreducible ^-modules. We note that Xu does not depend 
on the choice 3^ £ X( H/ y l ^), but on V. 

Along a line £ = {(x, y + 1, r) | t £ [0, 1]} from (x, y, r) to (x, y + 1, r), we define 

«t(^c/)(3 ; : iu; x, j/, r) := ^ C /(3 ; : w; x, y + t, r) (8.5) 

and set a — a±. Since (x, y, r) — > (x, y + t, r) preserves O2 = {(x, y, r) £ C 2 © H \ \q\ < 
\q y \ < \q x \ < 1}, we have 

a t ^ u )(y 1 (y 2 ) : w,w;x,y,r) = a t (Tiuy 3 (U(q x )w, q x )M r Mq y )w, q y )q^~ c W) 



Truy 3 (U(q x )w : q x )M TT (U(<ly<l>, q v tf)qW- c M 



= TTuy^U{q y )yj(w, x - y)w, q y )qM°)-cm 
= ^crOMD-fe) : w, w; x, y, t) 

(8.6) 

for some 3^3 and 34(3^), because 3 ; ^(/(W(g y g')w;, q y q l ) is a linear combination of geomet- 
rically modified intertwining operators in X( w f ^ . 
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An important case is where U = V and 3M3^) = Y(y) with y G X{~ r w ). Then since 
W M V = W is irreducible, 

a{* v ){Y{y)) = e 2m ^ w ^ v (Y(y)). 

We set k = e 2mwt ( w K We then define /3 t and = fli according to a line S'" 1 (£) by 

Pt CViM : w,w;x,y,r) = #[7(^1 (^2) : w, w; x, y + tr, r) for any (8.7) 

Proposition 23 

AC^v))) = S(at(* v )). (8.8) 
By (8.4), we will consider the following diagram: 

*v(Y(y)) A K* v (Y(y)) 

X. S -L S 

Therefore X u f3^ u (Y u (y)) = k£ A^p^OO). 
8.2 The image of f3 

We first calculate the image of '&u(y 1 (y 2 ) '■ w, w; x, y, r) by /3 for any y 2 G X(^ 5 H/ ) and 
y 1 G T(su)- Set A = ( W M f/ )' then we have: 

f3^ u )(y\y 2 ):w,w-x,y,r) 

= E(i:i u y 1 (U{e 2 ^y +T ^)y 2 {w, x-(y + t))w, erMw+^gWoj-^)) 

= E(Ti u y 1 (y 2 (U(q x )'W J q x - e 2 ^ +r ))W(e 27r ^ +r V, q y q)q { - m '^ ) ) by Lemma [221 

= £(Tr^ 23 (;V§p(W^ 

for some G Hom v (W IEI [7, (W Kl [/')') 
= ^(Tr^^a^l v ){U{q x )w, q x )q {Li0) -^uy^u(U(q y )w, q y )) by Lemma[22 

= ^(Tr^ 23 (^J(Wfe)^,g,)W L(0) -^ ) ^a(W(g y )^,g y )) 
= E(Tr A y* tU (U(q y )w, g^^Of g.) W L(0) - c/24) ) 

because the trace is symmetric 
= S(It A a las (^(^^)(W(^)t^ - g*Mg*)™,gs)g Wo) - c/24) ) 

for some 5c/ G H(W(W K W, (A B A')') 
= ^(^^(^^(^(^^^-(^^-x)^^,)^^^-^ 24 )) by Lemma[22] 

= E(Tr A a 123 (^f iA 0(^^ i(O) W(l> i (- 1 )^-^a 12 (^)(^, 2 - y)«;, j,)^) 

by skew symmetry intertwining operator, see (5.5). 

Set L[-l] = L(-l) + L(0) (see (2TJ). Then we get ?7(l)e L ^ 1 ) 2 = e^^Ml^!) f rom 
(7.1) and the above equals the following: 

= £(Tr A a 123 (;y| iA 0(^^ 
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As we explained in the paragraph after (7.5), the pair of terms q x L ^ and q x in the 
above expression has no influence and the next term is e^ 2m ^~ l ^ v ~ x \ However, since 
Oq(L[—1]u) = for any u G W M W, we finally have 

P{*u)O rU (y& w ):ti,w ] x,y,T) 

= £(Tr Affiaa (;)^0W^ 1 j 

In particular, we have the following lemma. 



Lemma 24 /5(\I/t/)(3- ;1 (3^ 2 )) is again an ordinary trace function of an intertwining oper- 
ator ofWMW on some module. 

Therefore, we have: 

Lemma 25 When y 1 = Y u and y 2 = e^y~ , 5u coincides with 5 in (5.9). In partic- 
ular, 5u does not depend on U . 



[Proof] We express the definitions of £u and 8u in a short way: 

YU{ y V w w) = °™0% u^uy^u and D^^Of = aiasC^OOW^ 
For a' G A', w G W, w, w 1 G W and u G U, let us consider 

into two ways. Set B = linage^), then there is y^^ A ^ such that 



.10) 



(a', y®{w\ x)Y u (e w y^ (w, y - z)w, z)u) (8.11] 



(8.11) = (a',y^ u (w 1 ,x)a 23 (y^ ul )(w,y)C u y^ u (w,z)u) 

= <«', °™{y%){^yl f {™\ x - V )w, y)y^u(w, *)«> 
= w, ^{yi^y^' (Suy^(w\ x - y )w, y - z )w, *)«>. 



w,w y 

w 



On the other hand, there is y$ y G T(™ v ) and e G Hom v (W, ([/ K A')') such that 

(8.11) = (a', ^(l^ y ( w \ x - *)e~)$ w (w,y- z)w, z)u) 

= (a',a 123 (y^ AI )(eY^ v (w\x- z)e w y^ w (w,y- z)w, z)u) 

for any a 1 G A 1 and u E U. We note G Cai2(F vl/ ). Therefore, we have 

eF W)V (u; , x - z)e^y~ w {w, y - z)w = y y B W ((%3^~(w; , x - z)w, y - z)w. 
Since the image of e is W, we obtain 

eY$ y (w l , x - z)y~ w (w, y-z)w = y^ w {5uy^{w l , x - z)w, y - z)w 

for some y^w Thus, 5u essentially coincides with 5 in (5.9), which does not depend on 
the choice of U . ■ 



26 



9 Key Theorem 



Theorem 26 If a simple C^-cofinite V of CFT-type satisfies Condition I and Condition 
II, then all simple V -modules are semi-rigid. Furthermore, if V is a rational VOA of 
CFT-type satisfying Condition I, then ^>u has nonzero coefficient in S($v) f or every 
simple V -module U. 

[Proof] Let W be an irreducible module. As we showed in Lemma |25| 
/?(£ ^u)(Y(e w y^ J) = £ ^u^u)(Y(e w y^ J) 

where B = Image(<5) and U runs over Irr(V). On the other hand, since /3(S(^fy)) — 
S(ai($v)), we obtain 

P(£ X ^u{Y{e w y% w )) = K(£^u{Y{e w y^ w )l 
where k = e 2ntwt ( w \ Therefore, we have 

'E^wmuiyluiSy^)) = <J2 X ^u(Y(e w y^ w )). 

Suppose that W is not semi-rigid. Since V is CVcofinite, all weights of modules U are 
rational numbers. For any natural integer n, V satisfies Condition I and II if and only if 
V® n does and ^fu appears in S(\Ev) if an d only if ^u®n appears in S{^!y<&n) and W is 
semi-rigid if and only if so is W® n . Therefore, by taking V® n and W® n as V and W if 
necessary, we may assume that the conformal weight wt{W) of W is an integer. By Lemma 
[HI Ker(5) + Ker(e^) = WMW. Set Q = Ker(8) n Ker(e^) and W M W/Q = Q 1 © Q 2 
with Q 1 = Ker(e w )/Q and Q 2 = Ker(<5)/Q V. Then ^wmu(y%(Sy^~)) are all given 

by traces on Q 1 and ^u{Y(e^yy~ yy) are a ^ §i ven D Y traces on Q 2 . We hence have 

J2 x ^wMyB,u(sy^)) = o, 

which contradicts to Yl ^u^u(Y(e^y~ ) 7^ 0. Therefore, W is semi-rigid. Since W is 
arbitrary, all irreducible ^-modules are semi-rigid. 

We next prove the second statement and assume that V is rational. We first show 
Xy 7^ 0. Choose a simple module U so that 7^ 0. Set W — U' and consider the trace 
function of e^y~ w in ^(^u)(e^y~ w ). It has a nonzero scalar times of 

^wmu(e^y~ w ) 

and so it has a term ^v{e^y~ w ) with a nonzero coefficient. On the other hand, for 
any ^-modules R 7^ U, Rifiy^y^ w ) has no entries of ^v'i^y^ w )- Therefore, 
y v >(e w y^ w ) has nonzero coefficient in (3 ^ u (Y (e w y^ J) . 

The remaining thing is to prove Xjj 7^ for every simple module U. Set W = U'. 
As we showed, Ay 7^ and so there is a simple ^-module R with Xr 7^ such that 
f3{^ R )(Y R {yy, w )) has nonzero coefficient at ^ v ,(Y u (y^ )). Then since Rom v (RM 

W, V) 7^ 0, we have R = (W)' = U and so X v 7^ as we desired. 

This completes the proof of Theorem [261 l 
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10 Rationality of orbifold model 



In this section, we will show that an orbifold model satisfies Condition II and prove 
the rationality of under the assumption that is CVcofinite and T is rational. 

Theorem 27 Let g be a finite automorphism of a VOA T of order n and assume that a 
fixed point subVOA V := T 9 is a simple C^-cofinite of CFT-type and satisfies Condition 
I, If T satisfies Condition II, then so does V . In particular, if T is rational and V 
satisfies Condition I, then V is rational and every simple V -module is a submodule of 
some g k '-twisted T-module. 

[Proof] Set V = T^. As Dong, Li and Mason have shown in [3], there is a g-twisted 
simple T-module M, say M = ®™ =0 M x+m/n . Then for each i = 0, ... ,n - 1, W {i) = 
®m=oM\+ m +i/n is a simple ^-module and we may assume that T^mW^ = jy( fc +J) since 
is a simple current by Proposition 20. From Condition I, there are an irreducible 
^-module and a surjection e^ {0) : W<® M W<® -> V. Set y = e W(0) ^| (0) (0) and 
consider a trace function ^ T (Y(y)) of Y(y) on T. 

We first consider the images of V T (Y(y)) by a k . Since W<® B T® = W®, we have 
a k {m TU )){Y{y)) = e 2kwiwt ( wU) ^ Tij) (Y(y)). Therefore, we have: 

n—1 n—1 

a k (V T (Y(y))) = a k (J2^Tw(Y(y))) = £ e 2 ^ iX e 2 " k ^ TU) (Y(y)), 

3=0 3=0 

which coincides with e 2fc?rlA -times of the trace function of g k 

TT T o(g k )Y T (U(q y )e^ {0) w(0) (w,x- y)w,q y )q^~^ 
on T for each k — 0, • • • , n — 1. Therefore, 



1 n—1 

* v (Y(y)) = -Ye- 2kmX a k V T (Y(y)). 

k=0 



On the other hand, since T is rational and C2-cofinite, S(^t) is a linear combination of 
trace functions on T-modules U. In particular, it is a linear combination of trace 
functions on ^-modules. By Lemma |2"H (3(S(^>t)) is a linear combination of trace func- 
tions of intertwining operators. Iterating it, j3 k (S(^T)) are all linear combinations of 
trace functions of intertwining operators. Since Sa k = (3 k S, Sa k (TrTY T (y k ))U(q y ) are 
all linear combinations of trace functions and so does 



.. n—1 

S(* v (Y(y))) = - Te~ 2kmX S(a k ^ T (Y(y)))). 
n ^-^ 



k=0 

The second statement comes from Theorem and [27J 



Since every rational CVcofinite VOA of CFT-type satisfies Condition II, we have: 

Corollary 28 Let g be a finite automorphism of a VOA T and assume that a fixed point 
subVOA V := T 9 is a C2-c.0fi.nite of CFT-type and satisfies Condition I, If T is rational 
and V satisfies Condition I, then V is rational and every simple V -module is a submodule 
of some g k -twisted T-module. 
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